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1| Definition A sequence {a,} has the limit L and we write

lim a,, = L or a,— L asn—wx

n—x

if we can make the terms a, as close to L as we like by taking » sufficiently large.
If lim, .- a, exists, we say the sequence converges (or is convergent). Otherwise,
we say the sequence diverges (or is divergent).

‘2] Definition A sequence {a,} has the limit [ and we write
lima, = L or ar—>L as n— =
If for every & > () there is a corresponding integer N such that

- L]l <e whenever n > N
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! [5] Definition lim, ... a, = > means that for every positive number M there is an

integer NV such that

a, > M

whenever n > N

lim (a, + b,) =

N—

lim (a,

n—x

lim ca

n—sm%

| If {a,} and {b,} are convergent sequences and ¢ is a constant, then

lim b,

-

lim a, +
n—*%

. — by) = lima, — lim b,
n==% n—%
»=clima, lime=¢
H—»% n—=

lim (g:b,) = lim a,  lim b,
& lima,
ii n S "n=e% . -
B " nwd, ToRhrl
lim af = [lim a,]” if p>0anda, >0

n—sx

Ifa, < b, <c,forn = ne and lim a, = lim ¢, = L. then lim b, = L.
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[6] Theorem If lim |a,| = 0, then lim a, = 0.
n—n H—s%
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If—1<r<0,then0<|r|<1,s0
lirr;1=|r"| = lim |r|"=10
and therefore lim, ... ¥* = 0 by Theorem 6. If r = —1, then {r"} diverges as in
Example 6. Figure 11 shows the graphs for various values of r. (The case r = —1 is
shown in Figure §.)
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The sequence a, = r"

The results of Example 9 are summarized for future usc as follows.

[8] The sequence {r"} is convergent if —1 < r =< | and divergent for all other

values of r.

lim r" =

n—eox

if —l<r<l
if r=1

0
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[9] Definition A sequence {a,} is called increasing if a, < a,+, for all n = 1, that
is.a, < ay < az < - - - . Itis called decreasing if a, > a,., foralln = 1. It is
called monotonic if it is either increasing or decreasing.

[10] Definition A sequence {a,} is bounded above if there is a number M such that
a, =M foralln = 1

It is bounded below if there is a number m such that
m=a, forallm = 1

If it is bounded above and below, then {a, } is a bounded sequence.
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2] Definition Given a series 37, a, = a; + a; + ax + - - -, let 5, denote its nth
partial sum:

"
Ss=Ya=am+a+ -+ d,

=1

If the sequence {s, } is convergent and lim,, ... s, = s exists as a real number, then
the series = a, is called convergent and we write

a +tdz+ -+ q, =g or zc;nZ.y
= |
The number s is called the sum of the series. Otherwise, the series is called divergent.
(4] The geometric series
E ar"'=a+ar+ar + -

=1

is convergent if | #| < 1 and its sum is

a
2 ar" | [ . |F| <1
n=l1 =

If | r| = 1, the geometric series is divergent.
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6] Theorem If the series , a, is convergent, then lim a, = 0.



7| The Test for Divergence If lim a, does not exist or if lim a, # 0, then the Con€ra \/OS ‘. Je © ‘g
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[8] Theorem If £ a, and = b, are convergent series, then so are the series = ca,
(where ¢ is a constant), = (a, + b,), and = (a, — b,), and
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3| Theorem For a given power series ), c,(x — )" there are only three
possibilities: e

(i) The series converges only when x = a.

(ii) The series converges for all x. ﬂuﬂc wS | © ‘C co n\/{,t/‘ﬁ ence.
(iii) There is a positive number R such that the series converges if |x — a| <[ R

and diverges if |x — a| > R.
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[2] Theorem If the power series = ¢,(x — @)" has radius of convergence R > 0,
then the function f defined by

fW=a+alx—a +ax—al+- =2 clx — a)
n=0

is differentiable (and therefore continuous) on the interval (¢ — R, @ + R) and

(i) fx) =c+2c(x—a) + 3alx—a)P + -+ = 2 nealx — a)!
n=1

(i) [-f‘[v"}di' =€ Foolx — ) + ¢ = : 2 + 3 = ; a)

e (x —a)™
=C+ TR
r.E:J n+1

The radii of convergence of the power series in Equations (i) and (ii) are both R.

NOTE1  Equations (i) and (ii) in Theorem 2 can be rewritten in the form

(i1i) i—{ E cilx — n]"] =Y i [ex{x = a)"]

. i
dx | a0 n=0. X

(iv) | [E gl = c'.rl":ld.\' = 2 | cdx — a)'dx

= n=0*
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1 f(x) @ clx—a)+alx—al+alx—al +alx—a)P+ - |.l' —al| <R

fla) = co
t
2] f(x) O’ 2e0(x — @) + 3cs(x — a)P + dey(x —a)* + -+ - |x —a| <R
fla) = ¢

[3] Ff"(x) =@ 2+3ci(x—a)+3defx—a)y+ --- x—a|<R

f“la) = 2cs

@ M) f2+3c 423 4clx—a)+3-4-Scs(x—aP+--+ |x—a|<R
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The series in Equation 6 is called the Taylor series of the function f at a (or about a
or centered at a). For the special case a = 0 the Taylor series becomes
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This case arises frequently enough that it is given the special name Maclaurin series.
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